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ABSTRACT 
Criteria are obtained for one-sided invertibility of functional operators with forward shift in 
Lebesgue spaces when an arbitrary non-empty set of periodic points has a shift. 
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Let – Γ be a simple closed smooth oriented curve of the complex plane, 𝛼(𝑡) – be a diffeomorphism 
(shift) of the contour Γ onto itself, preserving the orientation (line) and having a non-empty set Λ of 
periodic points of multiplicity 𝑚. 
In this paper, in the spaces  𝐿𝑝(Γ), 1≤ 𝑝 < ∞, we study a functional operator with a shift 
𝐴 = 𝑎(𝑡)𝐼 − 𝑏(𝑡)𝑊 
where 𝑎(𝑡), 𝑏(𝑡) ∈ 𝐶(Γ), 𝐼 – single operator, 𝑊 – shift operator: (𝑊𝜑(𝑡) = 𝜑[𝛼(𝑡)], 𝑡 ∈  Γ. 
To date, within the framework of several different approaches, results have been obtained on the 
determination of the criterion of reversibility and one-sided reversibility of the operator 𝐴 (𝑠𝑒𝑒. [1 −
7])under various assumptions regarding the carrier contour and shear. 
In [8], obtain a criterion for the one-sided invertibility of an operator A with a shift with two break 
points (p. 214) satisfying some conditions. In [9], the operator 𝐴 was studied in the case of a code, 
the shift is a diffeomorphism and has a finite number of periodic points. 
In this paper, we obtain criteria for the one-sided invertibility of the operator A in the space 𝐿𝑝(Γ), 
1< 𝑝 < ∞  in the case of a code, the shift α has an arbitrary non-empty set of periodic points. 
As is known (see, for example, [10]. P. 24-29), all periodic shift points 𝛼 have the same multiplicity 
(period) 𝑚. 
By Φ = 𝑆𝑢𝑝𝑝[𝜏 − 𝛼𝑚(𝜏)] we denote the closure of the set of all points of Γ at which 𝛼𝑚(𝜏) ≠ 𝜏. 












Γ1 = Γ\Φ,   Γ2 = {𝑡 ∈ Φ: ℎ±(𝑡) > 0} 
Γ3 = {𝑡 ∈ Φ: ℎ±(𝑡) < 0},   Γ4 = { 𝑡 ∈ Φ: ℎ+(𝑡) < 0 < ℎ−(𝑡), 
Γ5 = {𝑡 ∈ Φ: ℎ+(𝑡) > 0 > ℎ−(𝑡)} 
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It is easy to see that at periodic points t the equalities hold 




𝑝 ∙ |𝑏𝑚(𝑡)| 
In the general case, Γ1 by definition are an open set of points of the contour 𝛤 at which 𝛼𝑚(𝑡) = 𝑡. 
As is known, such a set Γ1 can be represented as the sum of an at most countable set of open arcs 𝛾 
on which the restriction of the shift 𝛼𝑚(𝑡) is Carleman. Then Γ1 can be represented in the form of 
unions of an at most countable collection of the set 




The set 𝒯 = Φ\Λ  is an open set representable as a sum of at most countable set of open arcs ?̃?. 
There are no periodic points inside the arcs ?̃?, and their ends 𝜏− and 𝜏+ are periodic points of the 
translation 𝛼. Then 𝒯 is also represented as a union of an at most countable collection of sets 




If 𝛼 has a finite number of periodic points, then Theorem -1 in [9] can be reformulated as follows: 
Theorem -1. The operator 𝛢 is invertible from the right (left) if and only if the conditions 
𝜈Α(𝑡) ≠ 0, ∀𝑡 ∈ Γ\Γ4 (∀𝑡 ∈ Γ\Γ5) 
and the set Γ4(Γ5)  satisfies the conditions  
∀𝑡 ∈ Γ, ∃𝑘0 ∈ ℤ, 𝑏(𝛼𝑘(𝑡)) ≠ 0 𝑎𝑡 𝑘 ≥ 𝑘0, 𝑎(𝛼𝑘(𝑡)) ≠ 0 𝑎𝑡 𝑘 < 0,   
(respectively 
∀𝑡 ∈ Γ5, ∃𝑘0 ∈ ℤ , 𝑏(𝛼𝑘(𝑡)) ≠ 0 𝑎𝑡 𝑘 < 𝑘0, 𝑎(𝛼𝑘(𝑡)) ≠ 0  𝑎𝑡 𝑘 > 𝑘0)   
from this theorem, using the methods of [9], one can prove the following assertion. 
Lemma 1. Let α have a finite number of arcs of type 𝛾 and a finite number of periodic points 
belonging to the set Γ\Γ1. In this case, the operator 𝛢 is right (left) invertible if and only if the 
conditions of Theorem 1 are satisfied. 
Now let 𝛼(𝑡) have a finite or countable number of arcs of type 𝛾 and 𝛾, 𝑁0
′ − is the derived set for 
𝑁0 = Φ ∩ Λ.  
Lemma 2. If Α is right (left) invertible in the space 𝐿𝑝(Γ), then the conditions 
MIDDLE EUROPEAN SCIENTIFIC BULLETIN ISSN 2694-9970  88  




ℎ𝑚(𝜏) ≠ 0, ∀𝜏 ∈ 𝑁𝑜     (1) 
We carry out the proof for the case of right invertibility of the operator 𝛢 (left invertibility is 
considered similarly). 
Let 𝜏 ∈ 𝑁0\𝑁0
′ . Then 𝜏 is the endpoint of the arc ?̃? that is invariant with respect to the translation 𝛼𝑚. 





we obtain that 𝛢 is invertible in this space from the right, but then, according to Theorem -1, 
ℎ𝑚(𝜏) ≠ 0. 
Suppose now that ∃𝜏0 ∈ 𝑁0
′ , ℎ𝑚(𝜏0) = 0. Тhen 
ℎ𝑚(𝛼𝑖(𝜏0)) = 0, 𝑖 = 1, 2,… , 𝑚 − 1.                          (2) 
For arbitrary > 0, there exist neighborhoods 𝛿𝑖 of points 𝛼𝑖(𝜏0), 𝑖 = 0,𝑚 − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ such that the sum of 
the length of all intervals 𝛿𝑖 does not exceed . Since 𝜏0 ∈ 𝑁0
′   is a point of condensation of arcs of 
type ?̃?, then inside the arcs 𝛿0 one can choose two periodic points 𝜏0
′ , 𝜏0
′′  of the shift 𝛼(𝑡) such that 
inside the arcs (𝜏0
′ , 𝜏0
′′) there were no other periodic points of shift 𝛼 and the point 𝜏0
′  preceded the 
point 𝜏0
′′ in the direction of the contour Г. 





for some point 𝑡 ∈ (𝜏0
′ , 𝜏0
′′). Then the set 
𝜃 = ∑(𝛼𝑖(𝜏0





belongs to the set 








exists for all 𝑥 ∈ (𝛼𝑖(𝜏0
′ ), 𝛼𝑖(𝜏0
′′)), does not depend on the choice of points 𝑥 and tends to (𝛼𝑖(𝜏0
′ ) as 
𝑛 → −∞ and in 𝛼𝑖(𝜏0
′′) as 𝑛 → +∞, 𝑖 = 0,1,2,… ,𝑚 − 1. 
Since the operator 𝛢 is invertible in 𝐿𝑝(Γ) and the set θ is invariant with respect to α, it is also 
invertible on the right in 𝐿𝑝(𝜃), which are restrictions of the space 𝐿𝑝(Γ) to the set 𝜃. Therefore, by 
virtue of (2) and the stability of the one-sided invertibility property of operators, choosing ε small 
enough, we can perturb the coefficients of the operator 𝛢 so that the condition 
ℎ𝑚(𝜏0
′ ) < 0 < ℎ𝑚(𝜏0
′′)                (3) 
and the perturbed operator Α
′
 remains also invertible on the right in the space 𝐿𝑝(𝜃). 
Since 𝛢′ is right invertible in the space 𝐿𝑝(𝜃), for this the operators must be satisfied in the space 
𝐿𝑝(𝜃) of the conditions of Theorem 1 in [9]. But conditions (3) contradict the conditions of Theorem 
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1 in [9]. Lemma is proven. 
Theorem -2. The operator 𝛢 is invertible from the right (left) to 𝐿𝑝(Γ), 1 < 𝑝 < ∞, if and only if 
𝜈𝐴(𝑡) ≠ 0, ∀𝑡 ∈ Γ\Γ4 (∀𝑡 ∈ Γ\Γ5)         (4) 
and on the set Γ4(Γ5) the condition 
∀𝑡 ∈ Γ4, ∃𝑘0 ∈ ℤ, 𝑏(𝛼𝑘(𝑡)) = 0 при 𝑘 ≥ 𝑘0, 𝑎(𝛼𝑘(𝑡)) ≠ 0  при 𝑘 > 𝑘0         (5)  
(respectively 
∀𝑡 ∈ Γ5, ∃𝑘0 ∈ ℤ, 𝑏 (𝛼𝑘(𝑡)) ≠ 0 при 𝑘 < 𝑘0, 𝑎(𝛼𝑘(𝑡)) ≠ 0 при 𝑘 > 𝑘0)          (6) 
We carry out the proof for the case of right invertibility of the operator (the case of left invertibility is 
considered similarly). 
Need. If 𝛢 is right invertible, then, according to Lemma 1, inequality (1) holds.  





The set Γ1 is represented as a union of at most countable collection of sets 




on which the restriction of the shift 𝛼(𝑡) is Carleman. Similarly, the set 𝑇 =  𝛷\𝛬 is also 
represented as a union of an at most countable collection of 𝛼 − invariant sets 








= (⋃ Γ̃𝑗) ∪ (⋃ Γ̂𝑗) ∪ 𝑁0
𝑗𝑗
 
If the operator 𝛢 is right invertible in the space 𝐿𝑝(Γ), then it is also right invertible in the spaces 
𝐿𝑝(Γ̃𝑗), 𝐿𝑝(Γ̂𝑗) and 𝐿𝑝(𝑁0). Hence, according to Theorem -1, conditions (4) - (5) are satisfied for the 
sets Γ̃𝑗 with 𝛤 replaced byΓ̃𝑗 
̅̅ ̅𝑎𝑛𝑑 Γ4 by Γ4 ∩ Γ̃𝑗.  On the sets Γ̂𝑖 and 𝑁0 ⊂ Γ2 ∪ Γ3 (here we take into 
account that ℎ±(𝜏) = ℎ𝑚(𝜏) and ℎ𝑚(𝜏) ≠ 0 according to (1)) the shift 𝛼 is Carleman and again 
conditions (4) - (5) The necessity is proved. 
Adequacy. Let the conditions of the theorem be satisfied. Then, at the ends τ of arcs from 
Γ̂𝑗   𝛼𝑚
′ (𝜏) = 1, and hence |𝑎𝑚(𝜏)| ≠ |𝑏𝑚(𝜏)|. Taking this into account, under the conditions of the 
theorem, the operator 𝛢 is invertible on the right in each space 𝐿𝑝(Γ̃𝑗) 𝑎𝑛𝑑 𝐿𝑝(Γ̂𝑗).  
Take an arbitrary point 𝓏 of the set 𝑁0. In it, the values ℎ𝑚(𝓏) do not vanish. Indeed, since ℎ±(𝓏) =
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In the latter case, 𝜈𝛼(𝑎, 𝑏) = 0, which contradicts the hypothesis of the theorem. Therefore, 𝓏 ∈ Γ2 ∪
Γ3 and therefore ℎ𝑚(𝓏) ≠ 0. 
Further, by virtue of the continuity of the coefficients of the operator 𝛢 at all points belonging to a 
sufficiently small neighborhood 𝑈𝑧 of the point 𝓏 ∈ 𝑁0
′  ⊂  𝑁0, ℎ+(𝑡) 𝑎𝑛𝑑 ℎ−(𝑡) have the same sign, 
i.e. or 
ℎ±(𝑡) > 0, ∀𝑡 ∈ 𝑈𝑧     (7) 
or 
ℎ±(𝑡) < 0, ∀𝑡 ∈ 𝑈𝑧     (8) 
Due to the compactness of the set 𝑁0
′  and according to (7), (8), from any infinite covering of the set 
𝑁0





𝑝                    (9) 
or 




𝑝                 (10) 
Moreover, at all periodic points 𝜏 ∈ Γ1 ∩ 𝑈𝑖 , due to the equality 𝛼𝑚
′ (𝜏) = 1, either  
|𝑎𝑚(𝜏)| > |𝑏𝑚(𝜏)|                                  (11) 
or  
|𝑎𝑚(𝜏)| < |𝑏𝑚(𝜏)|                                  (12) 
Without loss of generality, we can assume that the boundary of the sets 𝑈𝑖 consists of periodic shift 
points 𝛼. Then the sets  
𝛽𝑖 = ⋃ 𝛼𝑘(𝑈𝑖)
𝑚−1
𝑘=0
, 𝑖 = 1, 𝑘0̅̅ ̅̅ ̅̅  , 𝑘0 =
𝜇
𝑚
                      (13)    
are invariant with respect to the shift 𝛼. It is easy to see that (7) or (8) also hold for any point t 








and since the coefficients of the operator 𝛢 are continuous, for any > 0 from the covering of the set 
𝑁0











𝑝 ≤ (1 + )
−
1
𝑝 , ∀𝑡 ∈ 𝑈𝑖        (14) 
where τ is one of the ends of one of the arcs 𝑈𝑖. 




  in the space 𝐿𝑝(𝛽𝑖).  




≤ (|𝑔𝑚(𝜏)| + )
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Then, in the space 𝐿𝑝(𝛽𝑖), 
‖𝑇𝑔
𝑛‖ ≤ (|𝑔𝑚(𝜏)| + )
𝑛
𝑚 (1 + )
−
1
𝑝                                  (15) 
𝑈3 (15) it follows that 𝜌𝑖(𝑇𝑔) ≤ (|𝑔𝑚(𝜏)| + )
1
𝑚  in the space 𝐿𝑝(𝛽𝑖). Taking into account (7) and 
choosing ε small enough, we achieve the inequality 𝜌𝑖(𝑇𝑔) < 1. Then, as is easy to see, the spectral 





also less than one. Then, according to the well-known theorem on the inverse operator, the operator 
Α is invertible in the space 𝐿𝑝(𝜃). 
The space 𝐿𝑝(Γ) is decomposed by the direct sum of the subspaces 𝐿𝑝(𝜃) and 𝐿𝑝(Γ\𝜃), that are 
invariant with respect to 𝛼. In the space 𝐿𝑝(Γ\𝜃), the operator 𝛢 has a finite number of periodic 
points and a finite number of arcs of type 𝛾. Therefore, according to Lemma 1, under the condition of 
the theorem, the operator Α is invertible on the right in 𝐿𝑝(Γ\𝜃). Therefore, 𝛢 is invertible on the 
right in 𝐿𝑝(Γ\𝜃). The theorem is completely proved.  
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